Abstract. We study the existence of S 1 -equivariant characteristic classes on certain natural infinite rank bundles over the loop space LM of a manifold M . We discuss the different S 1 -equivariant cohomology theories in the literature and clarify their relationships. We attempt to use S 1 -equivariant Chern-Weil techniques to construct S 1 -equivariant characteristic classes. The main result is the construction of a sequence of S 1 -equivariant characteristic classes on the total space of the bundles, but these classes do not descend to the base LM . Nevertheless, we conclude by identifying a class of bundles for which the S 1 -equivariant first Chern class does descend to LM .
Introduction
In this paper we study the existence of S 1 -equivariant characteristic classes on certain natural infinite rank bundles over the loop space LM of a manifold M. Our main result is the construction by S 1 -equivariant Chern-Weil techniques of an S 1 -equivariant first Chern class associated to a structure group reduction of these bundles. S 1 -equivariant characteristic classes on LM have attracted interest for many years, going back to Witten's formal proof of the index theorem by formally applying finite dimensional S 1 -equivariant techniques to LM [1] and Bismut's construction of the Bismut-Chern character [4] . These S 1 -equivariant characteristic classes belong to different S 1 -equivariant cohomology theories. As a first task, we summarize these S 1 -equivariant cohomology theories and we clarify how they are related. One particular theory, H * S 1 (N), is distinguished by having a topological model, as discussed in Section 2. In Section 3 we find that S 1 -equivariant Moreover, characteristic classes on LM have informed the study of 2-dimensional field theories on M, known as sigma models, by regarding them as 1-dimensional field theories on LM. For example, to study fermions one asks for a spin structure on LM, which is a certain lift of the structure group of the frame bundle of LM; see [23] for a discussion of these ideas.
Because LM admits an S 1 -action by rotation of loops, it is natural to study the S 1 -equivariant cohomology of LM. S 1 -equivariant characteristic classes were studied in [1] where, following an idea of Witten [24] , Atiyah showed that one can formally compute the index of the Dirac operator on the spin complex of a spin manifold M as an integral of certain S 1 -equivariant characteristic classes over LM. Exploring this idea, Bismut [4] defined the Bismut-Chern character, BCh, a differential form on LM that extends the Chern character, Ch. The definition of BCh was refined in [7] using methods from non-commutative geometry, and has been studied further, for example in [22] . Recently a twisted Bismut-Chern character was defined in [10] and used to study T-duality in type IIA and IIB string theory from a loop space perspective.
In Section 2 we present the different S 1 -equivariant cohomology theories used in the literature. In the finite dimensional setting, S 1 -equivariant characteristic classes on an S 1 -manifold N belong to H * S 1 (N), the S 1 -equivariant cohomology of N, which we recall in Section 2.1. Completed periodic S 1 -equivariant cohomology, h * S 1 (N) is defined in Section 2.2. In Section 2.3 we introduce an S 1 -equivariant cohomology theoryh * S 1 (N), which we call super S 1 -equivariant cohomology.h * S 1 (N) has been used in the literature and was called Witten's complex in [2] . The table and diagram in Section 2.4 summarizes these S 1 -equivariant cohomology theories and the maps between them.
For finite dimensional manifolds, S 1 -equivariant characteristic classes may be constructed by S 1 -equivariant Chern-Weil techniques. There are two equivalent constructions, one via S 1 -equivariant vector bundles, outlined in Section 2.5, and another by S 1 -equivariant principal bundles, outlined in Section 2.6.
In the study of S 1 -equivariant characteristic classes on loop space, one may ask whether S 1 -equivariant Chern-Weil techniques can be used to construct S 1 -equivariant characteristic classes.
Such an approach is hinted at in [4] and explicitly attempted in [15] . In Section 3.1 we construct the pushdown bundle E −→ LM, an infinite rank vector bundle built from a finite rank vector bundle E −→ M, whose fiber is modeled on LC n . In particular we see that the pushdown bundle is an S 1 -equivariant vector bundle, and we ask whether we can construct S 1 -equivariant characteristic classes. Section 3.2 summarizes the attempt to construct an S 1 -equivariant Chern character via a covariant derivative on the pushdown bundle, as in [15] , and we note why the construction is not well defined. The reason this construction fails becomes clearer when we attempt to construct the S 1 -equivariant Chern character via the principal LU(n)-bundle LF rE, the loop space of the * S 1 (LM) rather than H * S 1 (LM). We end by discussing in Section 4 a class of bundles for which the S 1 -equivariant Chern-Weil techniques define an S 1 -equivariant first Chern class that descends to LM, after passing to a reduction of the structure group of LF rE. In Section 4.1 we show that LF rE admits a reduction of its structure group to L 0 U(n), the connected component of LU(n) containing the identity, when c 1 (E) belongs to the kernel of τ * , the transgression map on cohomology. 1 (E) extends c 1 (E), and we present a criterion that detects when c This is an interesting problem for future work.
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For this reason some authors, such as [3] , write the equivariant differential as d − i X . The complex
is called the Cartan model of equivariant cohomology and its cohomology is isomorphic to H * G (N) [8] . Consider the case G = S 1 . Because S 1 is abelian, its adjoint action is trivial and (S(g
for some generator u ∈ g * dual to the generator X ∈ g, so we may write the Cartan model as (Λ * 
Proof. We claim that the map T :
is an isomorphism. It is straightforward to check that u(d − ui X ) = (d − ui X )u as operators on this complex. It follows that uω is equivariantly closed if and only if ω is equivariantly closed and uω is equivariantly exact if and only if ω is equivariantly exact. Therefore T is a well defined linear map whose inverse is given by
Another variant on the Cartan model is completed periodic S 1 -equivariant cohomology, written h * S 1 (N), which is the cohomology of (Λ *
Notice that completed periodic S 1 -equivariant cohomology enjoys the same periodicity property h 
Finite dimensional manifolds are regular, as is the loop space LM of a finite dimensional manifold M. However, not all infinite dimensional S 1 -manifolds are regular [12] .
For our purposes we only consider periodic S 1 -equivariant cohomology and completed periodic 
The proof goes through without change in the case of Λ *
There is another S 1 -equivariant cohomology theory described in [4] , [12] , and [24] which we call super S 1 -equivariant cohomology. 
and let
denote the two quotient maps. Interestingly, q k does not discard information, in the following sense.
Proposition 2.4. For any k, the maps
are isomorphisms.
Proof. We define a map r 2k inverse to q 2k : {Λ *
Similarly, given
Therefore r 2k and q 2k are inverses. A similar computation shows r 2k+1 and q 2k+1 are inverses.
It is straightforward to check that
so r 2k and q 2k descend to isomorphisms on cohomology, and similarly for r 2k+1 and q 2k+1 . 
, as the circle action is trivial. Thereforeh *
the de Rham cohomology of N 0 , Z/2Z-graded by parity of forms.
In particular, suppose N = LM with the S 1 -action given by rotation of loops. Then N 0 = M, embedded as the subspace of constant loops.
Thus a cohomology class inh * S 1 (LM) is determined by its restriction to the embedding M ֒→ LM. We summarize these cohomology theories and the maps between them in the following table and diagram.
2.5. S 1 -equivariant vector bundles. Let π : E −→ N be a rank n complex vector bundle and suppose that S 1 acts on E and N byk θ and k θ respectively such that π
by vector bundle automorphisms.
where s ∈ Γ(E −→ N) and x ∈ N. We say a connection ∇ on E is S 1 -invariant ifk
, we may average a given connection ∇ by the S 1 -action,
It is straightforward to check that k
Thus we may assume without loss of generality that our connection is S 1 -invariant.
With our S 1 -invariant connection ∇ ave we can define the S 1 -equivariant curvature 2-form, an extension of the ordinary curvature 2-form to the Cartan model. Let X be the vector field on N induced by the circle action. We have the interior multiplication operator i X and the Lie derivative
It is shown in [3, Ch. 7] that Ω S 1 belongs to Λ *
, the Cartan model of forms on N valued in End(E), and it has equivariant degree 2. With the S 1 -equivariant curvature 2-form, the techniques of Chern-Weil theory extend to the equivariant set-up and can be used to define S 1 -equivariant characteristic classes. In Section 3 we will be primarily interested in the S 1 -equivariant
Chern character,
an equivariantly closed form of mixed even degree.
2.6. S 1 -equivariant principal bundles. An alternative construction of S 1 -equivariant characteristic classes uses S 1 -equivariant principal bundles. Throughout this section we follow [6] . A principal U(n)-bundle P is S 1 -equivariant if S 1 acts on P and N on the left such that the projection π : P −→ N is S 1 -equivariant and the left S 1 -action commutes with the right U(n)-action.
Suppose we have the same set-up of a S 1 -equivariant vector bundle E −→ N as in Section 2.5.
Without loss of generality we may assume thatk θ : E −→ E is a unitary transformation (for an arbitary metric on E can be averaged by the S 1 -action to produce a S 1 -invariant metric). Then k θ defines an action on the unitary frame bundle F rE,
Moreover, the left S 1 -action and the right U(n)-action commute. A crucial point in Section 3 is that the structure group action and the S 1 -action do not commute for the infinite rank bundles we consider, in contrast to this finite rank case. For that reason we now prove that the actions commute. If θ ∈ S 1 and a ∈ U(n),
1 -invariant connection 1-form, following Lemmas 2.7 and 2.8.
Lemma 2.7. Let A ∈ u(n) and let A * be its fundamental vector field.
Proof. We must show 1.
To verify 2.), note that commutativity of the group actions implies R a * kθ * =k θ * R a * . We compute
With these lemmas, the following proposition shows that we may average a connection to produce an S 1 -invariant connection. In contrast to this finite dimensional case, we see in Section 3 that the same construction fails for the S 1 -action on loop space.
Proof. First we must show that ω ave is a connection 1-form. We must check 1.) ω ave (A * ) = A for A ∈ u(n), and 2.) R * a ω ave = Ad a −1 ω ave . To verify 1.), we compute
To verify 2.), we compute
Therefore ω ave is a connection 1-form. Moreover, for a fixed θ 0 ∈ S 1 ,
where
The moral of the story is that given an S 1 -equivariant vector bundle E −→ N, one can produce an S 1 -invariant connection 1-form on F rE −→ N, so we may assume without loss of generality
where Ω is the (ordinary) curvature 2-form of the connection ω and X is the vector field on F rE induced by the S 1 -action. It is an equivariant extension of the ordinary curvature 2-form, belonging
with equivariant degree 2. Letting D denote the covariant exterior derivative associated to the connection ω, we have the equivariant Bianchi identity
proven in [6] . With the equivariant Bianchi identity it is straightforward to check that f (Ω S 1 ) is equivariantly closed for any U(n)-invariant polynomial f . Recall that a form on F rE is basic if it is U(n)-invariant and horizontal. Basic forms are precisely those forms that descend to the base, i.e. those forms α ∈ Λ * (F rE) such that α = π * β for some β ∈ Λ * (N). In Section 3 we see that the equivariant differential forms we define fail to be basic, so for comparison's sake we now recall the standard proof that f (Ω S 1 ) is basic.
Proof. We must show that f (Ω S 1 ) is horitzontal and U(n)-invariant. Suppose v is a vertical vector.
Then i v Ω = i v ω(X) = 0, and
proving that f (Ω S 1 ) is horizontal. In [6, §6] , Bott and Tu show that for a ∈ U(n),
from which it follows that R *
In particular we see that Tr(
is equivariantly closed and basic, implying that Tr exp Ω
. In fact, β = ch S 1 (E), as in Section 2.5. In this way one constructs S 1 -equivariant characteristic classes via S 1 -equivariant principal U(n)-bundles.
Loop space and pushdown bundles
In this section we attempt to construct S 1 -equivariant characteristic classes on LM by S 1 -equivariant Chern-Weil techniques on pushdown bundles and their associated frame bundles. In Section 3.1 we introduce the pushdown bundle over LM, an S 1 -equivariant vector bundle of infinite rank. In Section 3.2 we try to apply the S 1 -equivariant Chern-Weil techniques via a covariant derivative on the pushdown bundle as attempted in [15, §3] . These techniques fail for subtle reasons not present in the finite dimensional case. In Section 3.3 we attempt to apply S 1 -equivariant ChernWeil techniques via the principal LU(n)-bundle LF rE, and in this set-up it becomes clearer why these techniques fail.
In Section 3.4 we recall the construction of BCh, a characteristic class on LM constructed by a modification of techniques from Section 2.6 and Section 3.3. However, BCh does not define a class in H * S 1 (LM), but rather a class inh S 1 (LM).
3.1. Pushdown bundle basics. Let π : E −→ M be a rank n complex vector bundle over M, a finite dimensional smooth manifold. Suppose that E comes equipped with a hermitian metric and a metric connection ∇. We consider the free loop space LM = C ∞ (S 1 , M) with the Fréchet topology. The evaluation map ev : LM × S 1 −→ M is given by ev(γ, θ) = γ(θ). We form the pullback bundle ev
denote the projection on the first factor, we form the pushdown bundle π 1 * ev
The pushdown bundle is an infinite rank bundle over LM, with fiber
given the Fréchet topology. In fact, E is isomorphic to the bundleπ : LE −→ LM, where LE is the loop space of E and whose projection is given byπ(γ) = π • γ.
A trivialization of E near γ 0 ∈ LM may be obtained in the following way. Let U ǫ ⊂ LM be a neighborhood of γ 0 given by 'short curves'
where ǫ > 0 is chosen to be less than the injectivity radius of exp γ(θ) for all θ ∈ S 1 . Note
where the first isomorphism follows from the fact that any rank n complex vector bundle over S 1 is trivial. Notice, however, that the isomorphism is not canonical as it depends on the trivialization
This curve begins at c θ (0) = γ 0 (θ) and ends at c θ (1) = γ(θ). Thus we have an isomorphism
given by parallel translation 'backwards' along c θ .
We define an isomorphism T γ : E γ −→ E γ 0 in the following way. Given s(θ) ∈ E γ , we set
Thus T defines a local trivialization, T :
Remark 3.1. Because E γ 0 ∼ = LC n (non-canonically), we may define a trivialization E| Uǫ −→
Next we examine the transition functions between trivializations. Suppose γ 1 ∈ LM and V δ ⊂ LM is a neighborhood of γ 1 given by 'short curves. ' We may define another trivialization T :
in the same way. That is, given γ ∈ V δ , for each θ ∈ S 1 there is a curve
Then we define T γ as above. Suppose further that U ǫ ∩ V δ = ∅ and we have the trivializations
Consider the transition function
Notice that c θ
is an isometry of finite dimensional vector spaces.
Suppose we take a frame {e i (θ)} for γ * 0 E −→ S 1 and a frame {ẽ i (θ)} for γ *
The parallel translation operators c θ and d θ depend smoothly on θ, implying that u(θ) ∈ LU(n). Using the isomorphism E γ i ∼ = LC n (i = 0, 1) determined by our local frames, we may write
In particular we have shown that E admits the structure group LU(n). Because the natural representation of LU(n) on LC n is smooth with respect to the Fréchet topology [9, §2, Theorem 2.3.3], we see that E is a Fréchet bundle.
3.2. S 1 -equivariant curvature operators. In this section we construct the S 1 -equivariant curvature operator via a covariant derivative on E. However, we see that the S 1 -equivariant Chern-Weil techniques outlined in Section 2.5 fail to define S 1 -equivariant characteristic classes on LM.
There is a natural isomorphism ψ :
where s ands are related bys
Under this isomorphism, an operator D on Γ(E −→ LM) is associated to an operatorD on
We call an operator D on Γ(E −→ LM) a pointwise endomorphism if for all γ ∈ LM there is a Proof. First supposeD is linear over
Let (γ 0 , θ 0 ) ∈ LM × S 1 be fixed. We may take a sequence f n of smooth bump functions whose support shrinks to (γ 0 , θ 0 ) to conclude that
Conversely, suppose that D is a pointwise endomorphism. Then
In particular, our calculation shows thatD(fs) = fDs, proving our claim.
If D is a pointwise endomorphism, we may take its leading order trace
It is straightforward to check that Tr defines a trace on the collection of pointwise endomorphisms.
A connection ∇ on E induces a connection ∇ E on E −→ LM, defined as follows. Suppose
Thus ∇ E is the operator on Γ(E −→ LM) associated to ev * ∇ on Γ(ev * E −→ LM × S 1 ). S 1 acts on LM by rotation of loops, (k θ 0 γ)(θ) = γ(θ + θ 0 ), and it acts on E by rotation of sections, (k θ 0 s)(θ) = s(θ + θ 0 ) ∈ E| k θ 0 γ . These actions are compatible,
We average ∇ E by the S 1 -action to produce an S 1 -invariant connection,
as in Section 2.5. Let X be the vector field on LM induced by the S 1 -action. We define the
If Ω S 1 takes values in pointwise endomorphisms we may follow the S 1 -equivariant Chern-Weil techniques of Section 2.5 and define the S 1 -equivariant characteristic forms
and an S 1 -equivariant Chern character Tr exp Ω S 1 . For this reason, we must determine whether
takes values in pointwise endomorphisms of Γ(E −→ LM). We may write Ω
denotes the superbracket as in [3] . If α ∈ Λ * (LM) and s ∈ Γ(E −→ LM),
[0] takes values in pointwise endomorphisms if and only if the associated operatorD is linear over C ∞ (LM × S 1 ). Suppose s ∈ Γ(E −→ LM) and
These S 1 -actions are determined by the requirement that k
With these S 1 -actions we have
Thus we have shown that the associated operatorL X satisfies
On the other hand, we now consider the operator associated to ∇ ave Y .
and we have
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Combining equations (3.1) and (3.2), we have shown that
Ys .
In particular, we havẽ
This computation shows thatD is not linear over The S 1 -action on LF rE covers the S 1 -action on LM.
LF rE
The S 1 -action on LF rE induces a vector field on LF rE, which we also write X. A connection
for Y (θ) ∈ T γ LF rE. Notice that if θ 0 ∈ S 1 , a ∈ LU(n), and γ ∈ LF rE, we have
Thus the S 1 -action and the LU(n)-action do not commute. This is a significant departure from the finite dimensional case and we now explore its consequences.
Lemma 3.2. Let A(θ) ∈ Lu(n) and let A(θ) * be its fundamental vector field on LF rE. For
Proof.
One should compare this lemma to Lemma 2.7. The difference arises because S 1 acts on LU(n), a subtlety absent in the finite dimensional case. A consequence of this difference is Proposition 3.3. Let µ be a connection 1-form on LF rE. Whenever θ 0 ∈ S 1 is not the identity element, k * θ 0 µ is not a connection 1-form.
Proof. Suppose, to the contrary, that k * θ 0 µ ∈ Λ 1 (LF rE, Lu(n)) is a connection 1-form. Let A(θ) ∈ Lu(n) and let A(θ) * be its fundamental vector field on LF rE. Because k * θ 0 µ is a connection 1-form,
On the other hand, by Lemma 3.2,
µ is not a connection 1-form. 
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This proposition implies that the S 1 -action on LF rE does not induce an S 1 -action on the space of connection 1-forms on LF rE, and so we cannot ask for an S 1 -invariant connection 1-form.
Nevertheless, in analogy with Section 2.6, we considerΩ − uω(X), an equivariant 2-form valued in Lu(n). Theorem 3.5 of [4] states
from which we see that
proving that the equivariant Bianchi identity holds.
Proof. To prove the first claim, we note that
To prove the second claim, suppose ω 0 and ω 1 are two connections on F rE with induced connections ω 0 andω 1 . Let α =ω 1 −ω 0 ,ω t =ω 0 + tα, and letΩ t be the curvature ofω t . It is standard that
Ch. XII, Lemma 4] . It follows that
and so
Thus we have a sequence of
S 1 (LF rE). We find, however, that these S 1 -equivariant cohomology classes do not descend to LM, in contrast to the finite dimensional case presented in Section 2.6. This follows from Theorem 3.5 of [4] , which states that for a ∈ LU(n),
This formula differs from equation (2.2), which is the key property used to prove Proposition 2.10.
This is an important difference between the finite dimensional and infinite dimensional cases. As a result, we see that
where W (det a) is the winding number of det a : S 1 −→ S 1 . The last equality follows because
This calculation proves that Tr(Ω − uω(X)) is not LU(n)-invariant. Therefore Tr(Ω − uω(X)) is not basic, i.e. Tr(Ω − uω(X)) = π * β for all β ∈ Λ * S 1 (LM) [u] , and the equivariant differential forms Tr(Ω − uω(X)) k do not define characteristic classes on LM. Instead, we have an S 1 -equivariant Chern character on LF rE, ch
The author is not aware of examples in which [Tr(Ω − uω(X))
k ] is non-trivial. Nevertheless, the following criterion may detect when these classes do not vanish.
Proof. Let i : M −→ LM be the embedding of M as the subspace of constant loops. If Y, Z ∈ T p M,
proving i * TrΩ = tr Ω. 
so we find the same obstacle of requiring a suitable trace on differential operators acting on this infinite dimensional space.
3.4.
Bismut's construction. We end this section by presenting Bismut's construction of BCh [4] to provide an example of how S 1 -equivariant Chern-Weil techniques have been modified for the loop space setting. Given γ ∈ LF rE, let H(t) be the solution to the integral equation
H(t) is a power series of even-degree S 1 -invariant differential forms valued in Lu(n). In [4, Theorem
for a ∈ LU(n). The second equation in (3.7) is the key to showing that BCh defines a class on LM, in contrast to the equivariant differential forms in Section 3.3 defined by S 1 -equivariant Chern-Weil techniques, so we prove it now.
Combining this equation with (3.6), we see that R * a H satisfies the integral equation
Thus to prove the second equation in (3.7), we need to check that a −1 (0)H(s)a(s) satisfies equation (3.8) . Using (3.6),
Moreover,
In particular, because a(0) = a(1) for a ∈ LU(n), we see that
Moreover it is clear that tr H(1) is a horizontal form, because Ω and ω(X) are horizontal. Therefore Tr H(1) =π * β for some β ∈ Λ * S 1 (LM) and we define β to be BCh. It follows from the first equation in (3.7) that BCh is closed with respect to the differential d + i X , so BCh defines a cohomology class inh * S 1 (LM). In this way Bismut modifies the construction of the S 1 -equivariant Chern character to produce an LU(n)-invariant differential form, salvaging the techniques of S 1 -equivariant Chern-Weil theory that fail because the S 1 and LU(n) actions on LF rE do not commute. On the other hand, Bismut's construction does not define an element of the Cartan model and so it does not define a class in
For if we introduce u by the integral equatioñ
whose solutionH(t) is a power series of even-degree S 1 -equivariant differential forms valued in Lu(n), we find that trH(1) defines an equivariantly closed differential form on LF rE that is not basic because
Proof. Let A(t) = Ω γ(t) − uω(X). ThenH(t) can be writteñ
Therefore the degree 2 component of trH (1) is given by
Equation (3.5) then shows that trH(1) [2] is not LU(n)-invariant.
Remark 3.2. In [7] , another version of the Bismut-Chern character is constructed by the integral equation
producing a class in h * S 1 (LM). This version of the Bismut-Chern character is the image of BCh under q
In [22] this Bismut-Chern character is used to define a refinement of differential K-theory.
S
1 -equivariant first Chern class Equation (3.5) suggests Tr( Ω − uω(X)) is invariant under those elements a ∈ LU(n) satisfying W (det a) = 0. These elements make up L 0 U(n), the connected component of LU(n) containing the identity, implying Tr( Ω − uω(X)) descends to LM whenever LF rE admits a reduction of its structure group to this subgroup. This section explores this special class of vector bundles and defines an S 1 -equivariant first Chern class on these bundles with S 1 -equivariant Chern-Weil techniques.
Section 4.1 proves a criterion that determines when LF rE admits such a reduction of its structure group and offers some examples. Section 4.2 then defines an S 1 -action on the reduced bundle L 0 F rE so that the embedding j : L 0 F rE −→ LF rE is S 1 -equivariant. Finally, Section 4.3 shows that j * Tr( Ω − uω(X)) descends to an equivariant 2-form on LM defining a class we call the S 1 -equivariant first Chern class of E, c 4.1. Reduction of structure group to L 0 U(n). Recall that for a Lie group G, the space EG is defined up to homotopy equivalence by the requirements that EG is contractible and G acts freely on it. We then define the classifying space of G to be BG = EG/G. See [8, §1] for a proof that classifying spaces exist for compact G. In particular, we may choose a realization of EU(n), a contractible space on which U(n) acts freely.
It follows that we may take ELU(n) = LEU(n), since LEU(n) is contractible and LU(n) acts freely on it. Then
Let L 0 U(n) be the connected component of the identity in LU(n). L 0 U(n) acts freely on LEU(n)
as well, so we may take
Let f : M −→ BU(n) be a classifying map for the rank n complex vector bundle E −→ M.
Thenf : LM −→ LBU(n) = BLU(n) is a classifying map for the pushdown bundle E −→ LM, wheref (γ) = f • γ. We wish to characterize when LF rE admits a reduction of its structure group to L 0 U(n) and we begin with several lemmas.
Proof. By the universal coefficient theorem the following sequence is exact
is torsion-free as well.
is a covering space in the sense of [11] .
Proof. We first prove that p −1 (x) is diffeomorphic to Z. Let a ∈ LU(n) such that [a] generates
To prove that p : BL 0 U(n) −→ BLU(n) is a covering space, we first observe that EU(n) −→ BU(n) admits the structure of a principal U(n) Let V ⊂ BLU(n) be a neighborhood over which ELU(n) is trivial, i.e. ELU(n)| V ≈ LU(n) ×V .
Using the isomorphism
Therefore BL 0 U(n)| V ≈ Z × V , and p is given by the projection on the second factor Z × V −→ V .
Proof. To prove the first claim, we consider the principal LU(n)-bundle ELU(n) −→ BLU(n).
We may apply the long exact sequence of homotopy groups to this fibration and we have
Since ELU(n) is contractible, this sequence implies π k BLU(n) ∼ = π k−1 LU(n). In particular,
If we again apply the long exact sequence of homotopy groups to the principal L 0 U(n)-bundle
is trivial if and only if
is the zero map.
Proof. Letf 
Note that h 1 and h 2 are surjective, ker h 1 is the commutator subgroup of π 1 LM, and ker h 2 is the commutator subgroup of π 1 BLU(n). It follows that h 2 is an isomorphism, since π 1 BLU(n) is abelian.
Supposef
Because h 1 is surjective, this impliesf 
Because h 2 is an isomorphism, it must be thatf π 1 * = 0. We have shownf Suppose LF rE admits this reduction of structure group and supposeπ : P −→ LM is our reduced bundle. Let j : P −→ LF rE be the map including P as a sub-bundle of LF rE.
Proof. This claim is equivalent to the statement that aba 
The second equality holds because
Proposition 4.7. R a (j(P )) admits the structure of a principal L 0 U(n)-bundle over LM that is also a sub-bundle of LF rE.
Proof. We define the projection π a : R a (j(P )) −→ LM by π a def =π| Ra(j(P )) . We must verify that 1.)
is diffeomorphic to LM and π a is smooth, and 3.) R a (j(P )) is locally trivial.
We first show that
for somex ∈ j(P ), and
Since Rb(x) ∈ j(P ), it follows that R b (x) ∈ R a (j(P )). Therefore L 0 U(n) acts on R a (j(P )).
Moreover, because LU(n) acts freely on LF rE, the L 0 U(n)-action on R a (j(P )) is free as well, verifying 1.).
To verify 2.), let γ 0 ∈ LM and suppose x, y ∈ π
In particular, we have shown x = y ·b, proving that any two elements in π
Moreover, π a is smooth because it is the restriction of the smooth mapπ.
To verify 3.) let γ 0 ∈ LM. There exists some neighborhood
, we may take this trivialization
0 F rE and we may arrange these trivializations so that the inclusion j :
Corollary 4.8. When LF rE admits a reduction of its structure group to L 0 U(n), LF rE is the disjoint union of a countable collection of principal L 0 U(n)-bundles over LM.
It follows that we have countably many L 0 U(n)-bundles to choose for our reduced bundle, indexed by π 1 U(n) ∼ = Z. However, under the inclusion F rE ֒→ LF rE taking a point to the constant loop based there, only one such L 0 U(n)-bundle contains F rE. Hence only one L 0 U(n)-bundle contains the fixed point set of the S 1 -action on LF rE. This distinguishes a canonical choice of reduced bundle, which we denote L 0 F rE.
In the next sections we study S 1 -equivariant Chern-Weil techniques on pushdown bundles admitting this structure group reduction. We end this section with two examples of such pushdown bundles.
Example 4.9. Suppose E −→ M is a complex bundle with c 1 (E) = 0. Then τ * c 1 (E) = 0 and LF rE admits a reduction of its structure group to L 0 U(n).
In this case, one may prove directly that LF rE admits this reduction of its structure group. For if c 1 (E) = 0, F rE admits a reduction of its structure group to SU(n). Call the reduced bundle SF rE −→ M, a principal SU(n)-bundle over M. Then LSF rE −→ LM is a sub-bundle of LF rE whose structure group is LSU(n). Because LSU(n) ⊂ L 0 U(n), LSF rE is our desired reduced bundle.
Example 4.10. We present a sequence of a non-trivial bundles E k −→ RP k such that LF rE k −→ LRP k admits a reduction of its structure group to L 0 U(n). We first note that
for k ≥ 2. Since the second cohomology group with Z coefficients parameterizes complex line bundles over a manifold, there exists a complex line bundle
It follows that 2τ
torsion-free, implying τ * c 1 (E k ) = 0. Therefore by Proposition 4.5, LF rE k −→ LRP k admits a reduction of its structure group to L 0 U(n).
We remark that when k is odd, RP k is closed and orientable, so we have a non-trivial class of bundles that admit this reduction of structure group even if we only consider closed and orientable manifolds.
and let L 0 F rE be the reduced bundle. That is,π :
over LM such that there is an embedding j : L 0 F rE −→ LF rE which satisfiesπ =π • j and
Proof. Suppose U ⊂ LF rE is a connected component and let θ ∈ S 1 . We claim k θ (U) = U. Let x ∈ U. Then the path t → k tθ (x), 0 ≤ t ≤ 1, joins x to k θ (x). Because k θ is a diffeomorphism k θ (U) is a connected component, implying x ∈ k θ (U). Therefore k θ (U) = U.
Because j : L 0 F rE −→ LF rE is a local diffeomorphism, j(L 0 F rE) is an open submanifold and we can write j(L 0 F rE) = ∐U α for connected components U α ⊂ LF rE. Since k θ (U α ) = U α for all α, it follows that k θ (j(L 0 F rE)) = j(L 0 F rE).
In light of Lemma 4.11, we define the following S 1 -action on L 0 F rE. Given θ ∈ S 1 and
k is indeed a group action, for if θ 1 , θ 2 ∈ S 1 ,
Proposition 4.12. L 0 F rE admits an S 1 -action such that j : L 0 F rE −→ LF rE is an S 1 -equivariant map.
Proof. To prove this proposition, we need only show that i is an S 1 -equivariant map with respect to these S 1 -actions. A straightforward calculation shows j(k θ (x)) = j(j −1 k θ j(x)) = k θ j(x), proving j is S 1 -equivariant. It follows that j * Tr( Ω − uω(X)) =π * β, for some equivariant 2-form β on LM. Proof. To prove this theorem, it suffices to show that i * β =β. Recall that we may write β = β [2] + uβ [0] for differential forms β [k] of degree k.
Suppose v, w ∈ T x M. We may take liftsv,w ∈ T y F rE for some y ∈ F rE such that π(y) = x.
The vectors i * v, i * w are "constant" in the sense that they are represented by the constant loops t → v and t → w in T LM = LT M. Similarly, we may lift i * v and i * w to the constant loops t →v and t →w, which we write i * v and i * w. Then i * β [2] (v, w) = β [2] (i * v, i * w) = j * Tr Ω(i * v, i * w)
The vectors j * i * v and j * i * w are also "constant" in the sense that they are represented by the same constant loops t →v and t →w, following from the fact that j * : T x L 0 F rE −→ T i(x) LF rE is an isomorphism. Moreover, Therefore i * β [2] =β.
Next, let x ∈ M. Then i(x) is a constant loop, which for notational ease we call x. We may lift
x to y ∈ L 0 F rE. Thus j(y) is a constant loop in the fiber over the constant loop x, so that its velocity vector field 1 (E) we need only find a bundle E −→ M with non-torsion c 1 (E) ∈ H 2 (M; Z) belonging to the kernel of τ * : H 2 (M; Z) −→ H 1 (LM; Z). In the next section we point out a collection of such bundles.
